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Abstract 

We analyze symplectic forms on six dimensional real solvable and non-nilpotent Lie algebras. 
More precisely, we obtain all those algebras endowed with a symplectic form that decompose 
as the direct sum of two ideals or are indecomposable solvable algebras with a four dimensional 
nilradical. 

1 Introduction 

Symplectic forms on Lie groups and algebras naturally appear in the context of Poisson geometry, 
the study of Hamiltonians in Mechanics and various other physical and geometrical problems, like 
the cotangent bundle of differentiable manifolds. Symplectic forms are also useful to construct other 
geometrical structures, like Kahler manifolds, in the case of combination of symplectic and compat- 
ible complex structures (Sj- Many works have been devoted to obtain conditions for constructing 
and classifying symplectic structures on manifolds, groups or algebras, and although no universal 
characterization has been obtained yet, various general procedures of interest have been obtained 
[3 . Models for Lie algebras admitting symplectic forms have been developed in 0] , which is 
related to the problem of determining the structure of Lie groups having symplectic forms. Various 
reductions have been obtained in this sense, which simplify the problem to the analysis of solvable 
Lie algebras and algebras with nontrivial Levi decomposition and a solvable non-nilpotent radical 
[3 ^2- F'or fixed dimensions there only exist complete results up to dimension four, as well as some 
special cases in higher dimension mi21IHlElEl- Symplectic structures on four dimensional real 
Lie algebras have been classified in different contexts (see e.g. |S1 or ^7] for a recent review), 
and interesting applications to the Monge- Ampere equations were developed in In dimension 
six, only the nilpotent Lie algebras have been systematically analized for symplectic forms |1L)| . in 
combination with additional geometrical structures (see e.g. |H| and references therein). Results for 
nilpotent Lie algebras of maximal nilindex have been obtained in , while Lie algebras in dimension 
n < 8 endowed with exact symplectic forms were determined in 0. This special case of symplec- 
tic forms is closely related to the problem of determining the invariant functions for the coadjoint 
representation of Lie groups. 
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In this work we begin with the systematic computation of symplectic structures on real solvable 
Lie algebras of dimension six. We focus only on solvable non-nilpotent Lie algebras, basing on 
the classification obtained by various authors. More precisely, we obtain the possible symplectic 
forms on six dimensional solvable Lie algebras that either decompose as the direct sum of two lower 
dimensional ideals or are indecomposable with a four dimensional nilradical. This covers all but one 
case, corresponding to indecomposable algebras with five dimensional nilradical. 

Unless otherwise stated, any Lie algebra g considered in this work is defined over the field R of 
real numbers. We convene that nonwritten brackets are either zero or obtained by antisymmetry. 
Abelian Lie algebras of dimension n are denoted by nLi. 



2 Symplectic structures on Lie groups 

Given a Lie algebra g with structure tensor {C*j } over a basis {Xi, .., X„}, the identification of the 
dual space g* with the left-invariant Pfaffian forms on a Lie group whose algebra is isomorphic to q 
allows to define an exterior differential d on g* by 

du (X„ X,) = -C^^u (Xk) , iu€9*. (1) 

Therefore we can rewrite any Lie algebra g as a closed system of 2-forms 

dujk = -Ciji^i Aujj, 1 < i < j < dim (g) , (2) 

called the Maurer-Cartan equations of g. The closure condition d'^oji — for all i is equivalent to 
the Jacobi condition. Let £(g) ~ {c^'^j}i<i<dimg Hnear subspace of 0* generated by 

the 2-forms duji. It follows at once that dim£(g) = dim (g) if and only if duji ^ for all i, that is, 
if dim(g) — dim[g,g] holds. If w = a^duji (a* S R) is an element of C{q), there exists a positive 
integer jo (w) such that 

joi'^) io('^)+i 

/\u;^0, /\ Lo = 0. (3) 

This equation shows that r (w) — 2jo {ui) is the rank of the 2-form oj. Define 

jo (g) = max {jo (uj) \ uj e C{g)} . (4) 

This quantity jo (g) depends only on the structure of g and is a numerical invariant of g fSj. 
An even dimensional Lie group G is said to carry a left invariant symplectic structure if it possesses 
a left invariant closed 2-form lu of maximal rank. At the Lie algebra level, this implies the existence 
of the form G /\^ g* such that 

= (5) 

n 

f\u;^0, (6) 

where 2n = dim(g). We say that g is endowed with a symplectic structure. For example, any Lie 
algebra in dimension 2 has a symplectic structure. For the abelian algebra the assertion is trivial, 
while for the affine Lie algebra r2 = {^i, X2\ [Xi, X2] ~ X2} we have a; e A defined by 

uj — uji A UJ2- (7) 
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This form is closed and of maximal rank. In particular, lo € 'C(r2). Symplectic form of this special 
kind are called exact symplectic forms, and they are of interest in the analysis of invariants of Lie 
algebras That is, a Lie algebra is exact symplectic if it is symplectic and the form is moreover 

exact. 

The structure of a Lie algebra plays an essential role in the existence of such forms. We briefly 
recall some results which will be used in this work. 

Proposition 1 Let q be a Lie algebra. Then following conditions hold: 
L If Trace[ad{X)] = VX G gj and q is symplectic, then g is solvable. 

2. No semisimple Lie algebra carries a symplectic form. 

3. Direct sums of semisimple and solvable Lie algebras cannot be symplectic. 

This implies that an indecomposable symplectic Lie algebra is either solvable or the semidirect 
product of a semisimple Lie algebra and a solvable non-nilpotent Lie algebra. In particular, any 
symplectic Lie algebra in dimension four is solvable. We remark that in this dimension any nilpotent 
Lie algebra is endowed with a symplectic form . 

2.1 Six dimensional Lie algebras 

Real Lie algebras of dimension six have been fully classified by Morozov (nilpotent real Lie algebras), 
Mubarakzyanov (decomposition conditions and solvable algebras with five dimensional nilradical) 
and Turkowski (solvable algebras with four dimensional nilradical and algebras with nontrivial Levi 
subalgebra) (see e.g. |14[ll5l[T5j and references therein). According to the list in 19 , there are four 
indecomposable Lie algebras with nonzero Levi subalgebra, corresponding to the semidirect product 
of the abelian Lie algebra 3ii with 5[(2,]R) and so(3), the semidirect product of s[(2,E) and the 
Heisenberg algebra in dimension 3 and the Lie algebra 5l{2,'M.)(B d^qDo-^z 3j which is the only to 
possess a (exact) symplectic form. The decomposable case follows from [7]. It remains to analyze 
the solvable case. Nilpotent algebras endowed with symplectic forms can be found in for which 
reason we do not reproduce them here. As known, the maximal nilpotent ideal (nilradical) NR of 
a solvable Lie algebra r satisfies the inequality 

dim(iVi?) < |. (8) 

Therefore a solvable algebra in dimension six has a nilradical of dimensions four or five if it is 
indecomposable, or it is the direct sum of ideals. 

3 Decomposable solvable Lie algebras 

In this section we analize the symplectic solvable Lie algebras r that decompose as the direct sum 
X. = X-i®X2 of lower dimensional ideals. Since any solvable Lie algebra is supposed to be non-nilpotent, 
at least one of the ideals must be non-nilpotent. 
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Let ri and t2 be solvable Lie algebras of odd dimension and let {uji, .., cj2ri+i} and {oj'i, .., 'j^2m+i} 
be bases of r|, respectively Solvability implies that ^ [ti,ti] for i = 1,2, so that without loss 
of generality we can suppose that 

duji =(kj[=0. (9) 

In these conditions, we give a sufficiency criterion for the existence of symplectic forms on the direct 

sum algebra ri © r2 : 

Proposition 2 Suppose that there exist 2-forms 9 = J2i<j Q!*-'<^i Awj S /\^ r| and 9' = J2k<i P'''''^k^ 
oj'i € /\^ r2 satisfying 

1. a^^ = /?" =0, j,l> 2. 

2. d9 = d9' = 0, 

3. A" 6* 7^ and A™ 9' 7^ 0. 

Then X\ ® t2 is endowed with a sympletic form r] = 9 + 9' + wi A ui[ 
Proof. Since a^^ = for any j, the 2-form 6 can be written as 

9= a'^UiAujj. (10) 

2<i<j<2n+l 

By assumption, the n*''-exterior product A" ^ is not zero, so that reordering the basis if necessary, 
we can suppose that 

n 

H a2'='2'=+i 0. (11) 
fe=i 

In consequence we obtain 

/\9= ^n! f[ a^'^'^'^+i j cj2 A ^3 A ... A L02n A W2„+i. (12) 

A similar expression holds for 9'. Clearly the 2-form 

Tj = + 9' +ujiAlo[ (13) 

belongs to (ti ®r2)*. Further 

dr] = d9 + d9' + dui Auj[ - wi AdLj[ = (14) 
by condition 2, showing that r] is closed. Finally, 

n+m+l / n m \ 

/\ r?= I (n + m+l)!]Ja2'='2'=+^]J wiA... Aa;2n+iAa;; A...Aa;2m+i7^0, (15) 

\ k=l 1=1/ 

showing that rj is of maximal rank. ■ 
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The result has an interesting consequence concerning odd- dimensional solvable Lie algebras. A 
1-form w G r* is called a linear contact form if 

w A {duj^f ^ 0. (16) 

In particular, the left invariant Pfaff form induced by w over the Lie group having r as Lie algebra 
is a contact form in the classical sense. 



Corollary 1 Let r he solvable Lie algebra and {wi, ..,uj2n+i} be a basis oft*. Suppose that doJi = 0. 
and that there exists a 2- form = J2i<j ct^'''^i ^ '^j € /\^ ^* ■s^c/i that 

1. a^^ = 0, j > 2. 

2. de = o, 

3. A" 6* 7^0 

If 6 e C{i), then r is endowed with a linear contact form. 
Proof. By assumption the 2-form can be written as 

e= a'^iOihujj. (17) 

2<i<j<2n+l 

Without loss of generality we can suppose that 

n / n \ 

f\B=\n\ J] CJa A W3 A ... A UJ2n A UJ2n+l- (18) 

If ^ e £ (t), then there exist scalars ai^,.., such that 

9 = ai^dLOi^+ .. + ai^diOif^. (19) 
Further ij ^ 1 for j G {1, .., /c} since duji = 0. Define the linear form 

77 = wi + aii^ii + .. + flifeWifc (20) 

Then 

7? A [}\dr]^ = (wi+a,,^,, + .. + ai,u;iJ A (K^ = 

[n\ n a2fc>2fc+i j wi A W2 A W3 A ... A w^n A W2„+i ^ 0, (21) 
thus ?7 is a contact form. ■ 



5 



Table 1: Decomposable algebras 
Algebra exact Symplectic form Condition 



^3,1 € 


6 ^3,4 


no 


aiWi Au!2 + 


02^1 A CJ3 + 


a^u)2 A W3 + 


04 W3 A W5+ 






6 ^3,5 




asws A We + 


06^4 A ^5 + 


aTUjj^ A cje + 


asws A We 


fli (0407 — a^ao) ^ 


^3,1 € 


no 


fliWi A 0-12 + 


02^1 A ^3 + 


a3a;2 A ^3 + 


04 W3 A W5+ 










05^3 A We + 


aeW4 A W5 + 


07^4 A Wg + 


agws A We 


fli (0407 — asflg) ^ 


^3".4€ 


6 ^3,4 


no 


aiWi A a;2 + 


02^1 A ^3 + 


a3a;2 A 0^3 + 


a4W3 A we+ 










+05^4 A 075 + aea;4 A We 


+ 07^5 A We 




010405 ^ 


^3:i€ 


6 ^3,5 


no 


aiLUi AuJ2 + 


02^1 A W3 + 


031^2 A 073 + 


04 W3 A we+ 










+05^4 A 0J5 


+ 06^4 A uje 


+ 07075 A We 




010405 7^ 






no 


aiLUi A W2 + 


02^1 A W3 + 03(^2 A W3 + 


04 W3 A we+ 










+05^4 A UJ5 


+ a(iLJ4 A UJQ 


+ a7W5 A We 




01O4O5 7^ 



3.1 dimti = dimr2 = 3 

There are five isomorphism classes (two of them depending on parameters) of indecomposable solv- 
able Lie algebras in dimension 3, whose Maurer-Cartan equations are given in Table 4 of the ap- 
pendix. From these algebras, only one is nilpotent (the Heisenberg algebra). We have therefore 14 
solvable non-nilpotent algebras r which decompose as the direct sum of two three dimensional ideals. 
To determine the possible symplectic forms on these algebras, we use proposition 2. The resulting 
algebras admitting such structures are given in table 1. 

3.2 dimr4 = dimr2 = 2 

The case of direct sums r = ri © r2 with dim = dim r2 = 2 follows at once from the classification of 
symplectic structures on four dimensional real Lie algebras carried out in Indeed, since any two 
dimensional Lie algebra has a symplectic form, the sum with any four dimensional algebra having 
also a symplectic form gives a six dimensional algebra. On the other hand, it is immediate that no 
direct sum of a four dimensional Lie algebra with no symplectic form and a two dimensional algebra 
can result in a six dimensional symplectic Lie algebra. Therefore the result is obtained combining 
the results of 17 with those of dimension two. 

3.3 dimts = dimr2 = 1 

The Maurer-Cartan equations of the indecomposable real solvable Lie algebras in dimension five are 
given in tables 5 and 6 of the appendix. There are 33 cases to be analyzed. By ||SJ), the nilradical 
of such algebras r have dimension three or four. It is not difficult to see that a direct sum r © Li 
endowed with a symplectic form must satisfy the requirements of proposition 2 (otherwise the closure 
of the 2-form would be violated). In particular we have 6' = 0, since dimLi ~ 1. The algebras 
admitting a symplectic form are listed in table 2. 
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Algebra 



05.7 

1,-1,-1 r 

05 7 ^ 



Symplectic form 



Table 2: dimrs — dimr2 = 1 



Conditions 



5Li 



05,8 ©il 

05,13*' © 
05:15 © Ll 



p,-p,±l 
05,17 



Ll 



„0,0,s 
05,17 



05,18' 



05,19 
-2,2 
05,19 

05,30 ^ 

„-i>o 

05,33 

^o>-i 

05,33 

05.36 C 

05.37 C 



©Ll 
5ii 
Ll 

3ii 
3ii 

Ll 

Ll 



+08^3 A tJ4 
^4 



Y,t=i o.idu>i + 05^1 f\uji + aQUJ2 A CJ3 + 07^5 A ujq+ 

+08^1 /\UJ^ + agUJ2 A W4 

a^Ldi f\L02+ a^LOi A 0-15 + a-jL02 A loq+ 

, ^l9'^5 A LiJQ 

Si=i CLid^i + a5^^i A ^^12 + 16^3 A 0^4 + ayws A We 
Y^i^i aidoji + as (wi A tJ4 - ^2 A W3) + 070^2 A W4+ 
+08^5 A We 

X^^^l CLiUJi A W5 + flgWg A UJq + 

+ae (swi A (JJ3 + W2 A loa) + ay (swi A (JJ4 — aj2 A lo^) 
Y^t=i o-iduJi + ascji A W2 + agws A IJJ4 + ayws A ujq 
+a8 (swi A 1JJ3 + W2 A 1JJ4) + ag (cji A W4 — SW2 A 0^3) 
X]^^i fli^i A + 05^5 A We + ae (wi A W3 + W2 A W4) 
+07(^3 A W4 

^^^-^ aidwi + aswi A W3 + aeW2 A W4 + 07^5 A We 
Ylt^i o-iduJi + aswi A W2 + a6W3 A W4 + ayws A we 
Ylt=i o-idoJi + a5W3 A W5 + a6W3 A wg + a7W5 A We 
o-iduJi + a^uji A W3 + a5W4 A W5 + a6W4 A We 
Y^^i=i aiduJi + a4W2 A W3 + a5W4 A W5 + a6W4 A We 
Yl^i=i didoJi + a4W4 A W5 + a5W4 A wg + agws A We 
J2i=i o-idi^i + a^LOA A W5 + a5W4 A wg + agWs A We 



a7W5 A We 
a7W5 A We 



050607 ^ 

07 (0505 - 0809) 

as (aaag - aea7) ^ 
a^aQtt'j ^ 

asflg ^ 

as (a§ + a?) 7^ 



07 (0505 - 

asfle ^ 
asaear ^ 
asaea7 7^ 
aiOe ^ 
020405 7^ 
a^a^a-j 7^ 
oiae 7^ 
oioe 7^ 



-s(oi + oi)) 7^0 



4 Solvable Lie algebras with four dimensional nilradical 

As follows from the classification in jJHIj there are 33 indecomposable solvable non-nilpotent real 
Lie algebras in dimension six with a four dimensional nilradical. The corresponding Maurer-Cartan 
equations for these algebras are listed in tables 7 and 8 of the appendix. The search for symplectic 
structures in this case must be developed case by case, since the algebras are indecomposable. 

Proposition 3 Let r he an indecomposable solvable non-nilpotent real Lie algebra of dimension six. 
Then X is endowed with a symplectic form lj if and only if it is isomorphic to one of the Lie algebras 
in table 3. 

Proof. We give the detailed proof for N^f'*^, all the remaining cases are treated in a similar 
way. 

The brackets over the basis {A^i, .., iV4, ATi, X2} are given by 

[Xi, iVi] = aNi, [Xi,N2] = jN2, [Xi,Na] = A^4 (22) 
[X2 , iVi] =PNi, [X2 , N2] = SN2 , [X2 ,N3]^N3, (23) 
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where a,/3, 7,(5 6 R satisfy the restrictions a(3 ^ and 7^ + (5^ ^ 0. Taking the dual basis 
{r]i, .., 774, 0^1, 0^2}, the Maurer-Cartan equations of the algebra are 

dr]i = auji A 771 + Plu2 A 771, ^772 = 70^1 A 772 + (5cl;2 A 772, 
dr]3 = UJ2 A ri3, drji ^ uji A 774, 

duji = 0, dLij2 = 0. 



Now define an element uj G /\^ (^^ei'^^^ general position by 

LU = a''-' 77i A 77j + b'-''7]i AuJk + c^^uji A UJ2, (24) 

where 1 < i < j < 4, k — 1,2 and a*-' , 6**^, c^^ G M. If we impose the closure 

diiJ = a'^ d77i A 77^ + b'-'^drj^ Aujk - a^^Vi ^ drjj = (25) 

and take into account the relations satisfied by the parameters, then the following coefhcients vanish 
independently of their value a, /3, 7 and S : 

and since a/? 7^ 0, 

We further obtain the following expression for the differential: 

duj = a^^5L02 A 772 A 774 + a^^ (1 + (5) 0^2 A 772 A 773 + a^'^ {a + 7) wi A 7/1 A 772 + 
(76^2 - (56^1) cji A ?72 A cc)2 + a^"^ (1 + 7) tJi A 772 A 774 + a2^7CJi A 7/2 A 773 + 

+ai2 (/? + 5) tJ2 A 771 A 772 = 0. (28) 

At this stage, the analysis must be divided into several steps, according to the different possibil- 
ities depending on the four parameters: 

1. Let 7/0. Then the closure p8|l implies 



(5a24 = 0, ai2(a + 7) = 0, (29) 



a24(i + -^)^0, ai2 (/3 + ,5) = 0. 
and we obtain the wedge product 
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f\uo = 66^2 (ai2fe4i ^ 5iia24^ 771 A .. A 774 A wi A W2 (30) 

(a) If 5 = 0, then a}^ = since [3 is nonzero, and the wedge product A'^'^ nonzero if and 
only if 

1+7 = 0. (31) 
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Therefore only the Lie algebra N^'f' has a symplectic form, given by 





a 



511 

+c^^wi A t^2 = dr]i - 6^^dr/2 - fc^^d?73 - b'^^drjA + a^'*?72 A 774 + c^^wi A W2- (32) 

a 

(b) If (5 7^ 0, then by |(2H1) we have a^^ = 0. We obtain that 

3 

/\ijj = 65^2 (a^^fo"*^)??! A .. Ar74 AtJi AW2 / 0. (33) 
This product is different from zero if and only if 

a + 7 = /3 + 5 = 0. (34) 
In this case the Lie algebra N^'f''"'^^ has the symplectic form 

,13„ A ^_ I hii ( „ A , , , ^„ A , I u2i ( „^ A , I A . \ , ;,32, 



w = a^"*??! A 772 + o yr]i A wi + -Tyi A ^2 j + 6 [^?72 A wi + -r/2 A W2 j + ^ ?/3 A UJ2+ 

■4:X X2 12 "^2 41 12 

+6 r/4 A + c wi A aJ2 = a f^i A 7/2 drji ^772 — b dr/3 — b drji + c t^i A UJ2- 

a a 

2. Let 7 = 0: then 5 and the closure implies 

ai2 = o 
= 0, 
(1 + 5) = 0. 

In addition 

/\uj = Q-b^^a^^b^^i-ji A .. A 7^4 A A ^2- (35) 
' ^ a 

It is nonzero if and only if 1 + (5 = 0, and in this case the Lie algebra N^f'^'^^ has the 
symplectic form 

a; = 6^771 A Wi + — 6^771 A LJ2 + 0^^772 A 773 + 6^^772 A lJ2 + A W2 + ^'^"^774 A Wi + c-^^Wi A W2 

a 

7,11 

= d77i - 6^^d772 - 6^^d773 - 5'^^d774 + a^3772 A 773 + c^'^uji A uj-,. 

a 

Resuming, the Lie algebras N^f'^'^ admit symplectic (and non-exact) forms if 

(7,<5) e {(0,-,l), (-1,0), (-a, -/?)}. 
The parametrs a and (3 are not subjected to further constraints. ■ 
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Table 3: Indecomposable algebras with four dimensional nilradical. 



Algebra Parameters 




SviTinlor'tir' fnnn 

y li.ll_/J.l_>\_'Ul\_' LKJl. ±±± 


(!r»n n if 1 OTi ^ 


6,1 


no 




CLrtCiA (2c ^ 


^a/3,-1,0 
-"6,1 


no 


-■ n.id.T)^ -\- ^.r^T^^ A no -\- o,au)^ A ujo 

/ jj — ^ ^t^'/l \ '-*0'/l ' ^ '/A 1 '-t'O^l ' ' 


n,on,An,TL ^ 


-'^6,1 


no 


n^fjfiA -\- n.tzTin A Tin A- n.RUJ-\ A ujn 


/7,i n,^ /7,i- 


6,2 


no 


, fl^dfl^ -\- 0,^TIo A Tl'i -4- ^,fiLJ^ A (jJn 




ArO,/3,0,5 
-'^6,7 


no 




040-5 7== u 


^6,13 a + 7 = 0, 


no 






/3 _i_ ^ n 






05 (^03 + 7^ u 


Ara,/3,0 
^^6,14 


no 




0102^5 7^ 


^6,15 


no 


J 1 2 a I A 1 

2^i=i atdiji + axYm ^^2 + a^rjs A 774+ 


aias 7^ 0, 


^6,16 






oiae ^ 


no 


aidrii + 05773 A 774 + agWi A uj^ 


cuas 7^ 




no 


\ ^4 1 „ A 1 A - 1 

Z^i=i + "s??! A 772 + oeTyi A 0^2+ 




-'^6,18 




1 "7'/2 ' \ '''2 T "8"-'l ' \ '^2 


^4CE'5 7^ 


no 


\ ^'^ rt-fllTi' 1 /I K Tin A 'Hi 1 flnli^t A 




Ar-1,0 
-'^6,20 


no 


X/i=i Oiidrji + 05772 A 7^4 + ogwi A 771 + a7<x'2 A 771 


030506 7^ 


ArO,-l 
^^6,20 




X]i=i o'i'^^i + Q5?72 A 7^3 + agWi A 771 + 07^2 A 771 


040.507 7^ 


^^6,22 


no 


l^i=l O-idrji + a5??3 A 7^4 -f 06773 A U)2 + 




-'^6,23 








no 










a^TI'^ A 77/1 -I- flfi f?7i A LtJi -I- Q!?7/i A LiJo) + A CJo 

y^'? -. d^dti^ H- d^Ti-x A TiA -\- ftfiCJi A ?7i H- cl^ujo A ?7i 


Of^ 10? + Oo ) 

\ J. ' Z) 1 


A/'" 
-"6,26 


no 


dodKda ^ 


^6°,27 


no 


J2t=i o-idili + a5?7i A 7^2 + a6?7i A u)2+ 


05 (a§ + a|) ^ 






a-iUJi A 772 + a8'^i A W2 


-^6,28 


yes 


Z]i=i o-idm + a5<^i A a;2 


ai (a| + al) ^ 




yes 


Yh=i '^i'^'^i + "5'*^i A a;2 + a6?72 A 774 


aia4 ^ 


-'^6,29 


yes 


Ylt=l ^i^'^i + "S'^l /\ ^^2 + a6773 A ?74 


0104 ^ 


-'^6,30 


yes 


Y,t=i O'ld'Hi + aswi A L02 


aia4 ^ 


-^^6,32 


yes 


Yh=i "'id'Vi + "st^i A0J2 + aeu}2 A 774 


ai 7^0 


-^6,33 


yes 


Y,t=i ^idiji + 05^1 A 1V2 


aitti ^ 


^^6-34 


yes 


J2t=l (^idVi + "5^1 A UJ2 


0104 ^0 




yes 


Ht=i '^idrii + a^uji A W2 


aia4 ^ 


-'^6,37 


yes 


Z!i=l + 05^1 A 0^2 


ai ^0 


-^6,38 


no 


'^I'^Vi + "5^1 A 774 + a6CJ2 A 774 


ai {as - ae) 7^ 


-^6,39 


no 


Z]i=l + «5'^1 A 774 + 06^2 A 774 


aitts ^ 
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Appendix. 

In this appendix we give the Maurer-Cartan equations of the indecomposable solvable non-nilpotent 
Lie algebras in dimensions three and five, and those of dimension six having a four dimensional 
nilradical. 

The notation and indices for the three dimensional Lie algebras correspond to those given in |15 | . 
In particular, the nilpotent Heisenberg Lie algebra ^3^1 has been included (see section 3.1). The 
notation for the five dimensional solvable Lie algebras has been taken from ^B] , while the list of six 
dimensional solvable Lie algebras with four dimensional nilradical has been adapted from jl8| . 

1. For the three and five dimensional Lie algebras {lji, a;2, ws}, respectively {wi, .., W5} denote the 
dual bases of the algebra. In particular A3.1 is nilpotent, and has been included for technical 
purposes. 

2. For the six dimensional Lie algebras with four dimensional nilradical, {771, ..,774} denotes the 
dual basis of the nilradical, while {wi,W2} is a dual basis of the space of nil- independent 
elements (i.e., linearly independent non-nilpotent derivations of the nilradical). For all these 
Lie algebras dtOi ~ 0. 

3. The restrictions on the parameters of the Lie algebras have been indicated after the Maurer- 
Cartan equations. We remark that some authors alter the numbering of the isomorphism 
classes in references j^l ^] for special values of the parameters. 



Table 4: Indecomposable solvable Lie algebras of dimension 3 



Name 








Maurer-Cartan equations 




^3,1 


dwi 


= ^2 A W3, 




dijj2 = dtoj = 0, 


(nilpotent) 


^3,2 


dwi 


= cji A W3 4 


CJ2 A W3 , 


dLJ2 ^ UJ2 A W3, 


duj3 = 


^3,3 


duji 


= Ldl At^3, 




dLJ2 = t^2 A CJ3, 


duj3 — 


^3,4 


duji 


= Ldl A 0^3, 




duj2 = aLU2 A LJ3, 


dcos^O, -1 <a <l,a^O 


^3,5 


duJi 


= puji A 0^3 


+ UJ2 ^ ^7i, 


duJ2 = —L^l A 0^3 + PLO2 A LJ3 


dLU3 = 0, p>0 
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Table 5: Indecomposable solvable Lie algebras of dimension 5 



Name Maurer-Cartan equations 



^0,7 


du)\ 






(ia;2 = 0LUJ2 A 0^5 , 


dws = (3L03 A 105, 


cL;4 = 7^4 A u)5 


dcij^ 




0, 


(-l<a,/3,7<l, a7/3^0) 




■7 


dull 






f1ii)i-t — 


dujs = a'3 A W5 


d(jj4 = 7W4 A UJ5 


duj^ 







l^u <, 171 ^ i; 






f 5,9 


dxjj\ 




/jJn A I'lJr -1- /jM a f/Jc 




du)2 = U!2 A LO5, 


d^3 = /3W3 A UI5, 


doj^ 






ttWS — u 






05,10 


dijji 




0. 


diiJ2 = W3 A , 


diVs = 0, 


du>4 = UI4 AU)5, 


^5,11 






A I'/Jr -1- /jJo a I'/Jr 




duJ2 = W2 A W5 + 


L03 A L05, 


diijo 






au;4 = 7^4 A CJ5 , 


dco5 = 


(7 7^0) 


05,12 






ijJi A bJ^ A- bJo a LiJc^ 




dw2 = UJ2 A 0^5 + 


CJ3 A CJ5 , 








/'jJo A fiJr -\- (iTa a I'/Jr 




da;4 = a;4 A , 


(iws = 0. 


^5,13 


dui\ 




CJl A CJc:. 


da;2 = 7^2 A ^5, 


diJs = p(J3 AUI5 + S(J4 A 


duJ4 




— A + puJi A 




dioz = 


(|7| < 1, 75^0) 


fir: 1 /I 







W2 A W5, 


(itc'2 = 0, 


dws = P0J3 A - 


f W4 Aws, 


du>4 





-ws Aws +])a;4 A ws, 




dui5 = 0. 




a? ic 

*'5,15 


duJi 




wi A + a;2 A 0^5, 




dLU2 = LO2 A W5, 


dws = 70^3 A ^5 + a;4 A uj^, 


du)i 




7^4 A W5, 


dws = 


(-1<7< 1) 




t'5,16 


du>i 




wi A + a;2 A Ws, 




rfwi = a;2 A Ws, 


diVs = pu}3 A ws + S0J4 A CO5, 


du)^ 




— swa A + A 




dio^ = 




05,17 


dcoi 


= 


pWl A W5 + 0^2 A 0^5, 




rfa;2 = — A 


+ PUJ2 A 0^5, 


du)3 




qw^ A ws + sa;4 A ^5, 




rfa;4 = —S(Js A a;5 + qu)4 A ^5, 




du)5 








(5^0) 






fl? IS 


duJi 





puJi A W5 + W2 A W5 + 


W3 A ^5, 


diJ2 = — 'i'l A 


+ pUJ2 A W5 + 0^4 A ^5, 


du>3 





pws A ws + 0^4 A ws, 




diJi = —UJ3 A W5 


— pijJi A W5, 




dws 








(P>0) 






0?^9 

*'o,iy 


du!i 




a;2 A ti^a + (1 + a) wi A Ws, 


dui2 = W2 A ^5, 


dijJi = au)3 A u!^, 


duji 


— 


/3a;4 A , 








05,20 


doji 




C1J2 A + (1 + a) wi A + 0^4 A ^5, 


rfa;2 = W2 A ^5, 


duJs = au)3 A u!^, 


d(jj4 




(1 + a) 0^4 A a;5, 


(iws = 






05,21 


dull 




a;2 A W3 + 2a;i A ws, 




(iLiJ2 = "^2 A Ws, 






dujz 




W2 Aws +a;3 A ^5, 




£^4 = A 0^5 + a;4 A ui^, 




d(jj5 




0. 








05,22 


du>i 
dui5 




W2 A W3, 

0. 


dui2 = 0, 


dujz = lJ2 A u;5, 


dLU4 = 0^4 A , 


05,23 


dui 




W2 Aw3 +2a;i Aws, 


(ia>'2 = (^'2 A ^5, 


dw3 = CJ3 A 0^5 + a;2 A ^5, 


du)4, 




/3tc'4 A uj^ , 


dws = 






05,24 


dull 




W2 A W3 + 2a;i A ^5 + S(Ji A ui^, 


da;2 = CO2 A ^5, 


(e = ±l) 


0.1.25 


duj3 




L02 A 0^5 + [^3 A W5 , 




(ia'4 = 2a;4 A W5 , 


du!5 = 0. 


dioi 




A UJ3 + 2pa;i A a;,-;. 




rfa;2 = 13^2 A iu's ' 


- A ujr-, , 














duJr, = (,i ^ 0) 
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Table 6: Indecomposable solvable Lie algebras of dimension 5 (cont.) 



Name Maurer-Cartan equations 



05,26 






ui2 A W3 + 2pL0\ A W5 + euJi A ws, 


aW2 




PU!2 A UJ5 — UJ3 A UJ5, 






^2 A + pwa A W5 , 


ttW4 




ZlpU}4 A W5 , UW5 = U \£ = ±l) 


05,27 


au>i 




W2 A ^3 + Wi A ^5 + a;4 A a;5 , 


au)2 




0, rfws = Ws A ^5, 




A. , 
aw4 




C1J3 A + a'4 A W5 , 






u. 


05,28 






U>2 A 0^3 + + aj Wi A ^5, 


(MjJ2 




OLLO2 A W5 , diO'j, = <x'3 A , 




J . 




Aws +a;4 A ws, 






u. 


05,29 






UJ2 A 0^3 + Wl A W5, 


djjJ2 




W2 A Ws, rfcJs = 0, 








a;3 A W5, = 0. 








05,30 


dwi 




W2 A a;4 + (2 + a) uj\ A 


du)2 




^3 A a;4 + (1 + d) u)2 A Ws, 


duj3 




Loas A W5, duji = u)i A ws, 


duJ5 




0. 


05,31 






a;2 A W4 + Swi A ws, 


du>i 




W3 A a;4 + 2a;2 A u>5 , 








Aws +a;4 A ws, 






u}4 A diVs = 0. 


05,32 


dhJi 




^2 A W4 + A CJ5 + acJs A u)5, 


dW2 




0^3 A a;4 + a;2 A CO5, 


daj3 




0J3 A W5, da;4 = 0, 


du>5 




0. 


05,33 






U)l A U)4, du)2 = U)2 A UlQ, 


dws 




(3u>3 Au>4 +JU>3 A ^5, 




dLU4 




0, duj5 = 




+ 


7') ^ 0. 


05,34 






auJi A 0^4 + Wi A Ws, 


dL02 




0^2 A a;4 + ^3 A CO5, 






ws A W4, cfci;4 = 0, 


du>5 




0. 


05,35 


duji 




/Jwi A 0^4 + acoi A UI5, 


du>2 




W2 A 0^4 + W3 A (^5, 


dojs 




A W4 — <x'2 A , 


di04 




(iw5 = 0, (a^ + /?V 0) 


05,36 


divi 




W2 A 0^3 + CJi A 0^4, 


dL02 




0^2 A a;4 — 2a;2 A W5 , 




dijJs 




^3 A Oy'S; rfa)4 = dujQ = 0. 








05,37 


dwi 




^2 A 0^3 + 2^1 A Ct;4, 


dW2 




UJ2 AUi+Ua Auq, 




dijJs 




W3 A 0^4 — CJ2 A W5 , 


duj4 




duj5 = 0. 


05,38 


dwi 




Wi A dw2 = U)2 A 0^5, 






UJ4 Au)5, doJi = du>5 = 0. 


05,39 


dwi 




oji A CJ4 + W2 A 0^5 , 


du)2 




0^2 A a;4 — Wi A ^5 , 




dijJs 




a;4 A ws, duj4 — duj^ = 0. 









14 



Table 7: Indecomposable solvable Lie algebras of dimension 6 with dim{NR) = 4. 
Name Maurer-Cartan equations 



-'^6,1 




— LXUJ^ /\ lj\ ^ P^2 '/1 7 


u,//2 — 


^/iji A Tin —1— A^iln A T)rt 

JUJ^ /\ //2 UUJ2 /\ '/25 


7 ^ 


r 






"-IIS 


Iiln A Tin 

— UJ2 '\ '/3) 


a//4 — 


fill A tia 


n/iji — 
tMjU\ — 


- UUJ2 ~ 




^6,2 


drji 


= auji A 771 + A r/i, 


dm = 


c^i A ?72 + 71^2 A 772, 








Ct + p 7= U 


dr]3 


= W2 A 773, 


drji = 


Wi A ?73 + W2 A 774, 


dwi = 


0102 = 


u 




drji 


= Wl A 7/1 + CtU}2 A T/i , 


dm = 


CO2 A 771 + Wi A 772 + (10J2 A 772 , 












— UJ2 ' \ '/3 I 


drji = 


UJ2 '\ '14 + "^1 '\ '/3) 




dU2 — 


n 
u 


Ara/3 


drji 


= oJi Am ~ '^2 A 7^2 ) 


dm = 


W2 A r/i + wi A 772 , 








q; ^ U 


drjs 


= aa;2 A m^ 


dm = 


/3a;2 A 773 + Q;a;2 A 774 + Wi A 773 , 


J, , 

aoJi = 


0102 = 


U 


AT"/' 
-'^6,5 


7 

d77i 


= awi Am + P^2 A 7/1, 


d772 = 


W2 A 772, 








ap ^ U 




= wi A 773 , 


dm = 


A r/3 + wi A 774, 


auJi = 


dU)2 = 


U 


^6,6 


(i?7i 


= aui A r/i + a;2 A 771 , 


dm = 


= a;2 A 771 + auii Am + ^2 Am, 










dm 


1 = Wl A 7/3, 


dm = 


= wi A 773 + wi A 774 - f3uJ2 A 773, 


(ia;i = 


dL02 = 





-^^6,7 


drji 


= awi A 771 — a;2 A 7/2 + 7^2 A m ) 


dm = 


awi A r/2 + W2 A 771 + 7CJ2 A 772 , 








+ ^0 


dm 


= wi A 773, 


dm = 


wi A ?73 + wi A 774 + Plo2 a m, 


duji = 


du)2 = 





AT 


dm 


= wi At/i, 


dm = 


W2 A772, 










dm 


= 0^2 A 773, 


dm = 


W2 A 7/3 + a;2 A 7/4, 


ClCJl = 


du)2 = 


U 


-'^6,9 


drji 


= wi A 771, 


dm = 


W2 A 7/2, 












= a;2 Ar72 +W2 A 773, 


dm = 


Wl A 7/2 + auj2 Am +^2 A 7/4, 









-'^6,10 


dm 


= au)i A r/i + wi A 772 + W2 A 771, 


dm = 


0, 








dm 


= wi A773 +a;2 A 772, 


d774 = 


/Jwi A 7/2 + wi A 7/4 + a;2 A 7/3, 








-'^6,11 




= W2 A771, 


dm = 


wi A 7/1 + a;2 A 772, 








-'^6,12 




= wi A 773 + auj2 A 773, 


dm = 


wi A 7/3 + wi A 7/4 + aui2 A 7/4, 


duji — 







drji 


= oJi A 771 - W2 A 773, 


dm = 


Ar/3 +W2 A 7/1, 










dm 


= wi A 771 + wi A ?72 + CX.UJ2 A 771 + (3uj2 A 773 


- a;2 A r/4, 








^^6.13 




= wi A 773 + wi A 774 - j3uj2 Am+<^2 Am + OL^i A r?3, 


did - 


CIOJ2 — 


n 

\J 


dm 


= awi A ?7i + /9cj2 A 771 , 


dm = 


7u;i A r/2 + 70^2 A r/2, 


^^2 _l_ A 

7 + 


2 =^ n 






dm 


= -wi A774 +a;2 A 773, 


dm = 


wi A r/3 + W2 A 7/4, 


dwi = 


dL02 = 





-'^6,14 


dm 


= awi A 771 + /3a;2 A 771, 


dm = 


W2 A7/2, 








a/3 ^ 


dm 


= 7^1 A 773 - wi A ?74, 


dm = 


Wi A 7/3 + 7W1 A 774, 


rfwi = 


du)2 = 





-'^6,15 


dm 


= 0^1 A 771 + 7CJ2 A ?7i — W2 A 772, 


dm = 


1^1 A 772 + ^2 A 7/1 + 70^2 A r/2, 










dm 


= awi Am~ P<^i A 774 + i5w2 A ?73, 


dm = 


/3a;i A 773 + awi A 774 + 6LO2 A 774, 


duJi = 


dui2 = 





-'^6,16 


dm 


= W2 Ar/i, 


dm = 


wi A 7/1 + a;2 A 7/2, 








dm 


= ctwi A ?73 — A 7/4 + /3a;2 A 773, 


dm = 


LOi Am + ct^i A 7/4 + /3a;2 A 7/4, 


dcoi = 


du)2 = 





-'^6,17 


dm 


= aLVi A ?7i, 


dm = 


wi A 7/1 + awi A 7/2, 








Ara/37 
-'^6,18 


dm 


= -wi A774 +a;2 A 773, 


dm = 


wi A 7/3 + a;2 Ar/4, 


dull = 


du)2 = 





dm 


= -Lui Am + ^2 Am, 


dm = 


t^i A r/i + 0^2 A 772 , 










dm 


= auii Am — P^i A 774 + 7^2 A 773, 


dm = 


/3wi A r/3 + awi A r/4 + 7W2 A 774, 


dwi = 


du)2 = 





-^V6,19 


dm 


= -u>i A772 +a;2 A 771, 


dm = 


wi A 7/1 + a;2 A 7/2, 










dm 


= wi A 771 - wi A 774 + a;2 A 773, 


dm = 


wi A 7/2 + wi A 7/3 + a;2 A 7/4, 


dcui = 


du)2 = 
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Table 8: Indecomposable solvable Lie algebras of dimension 6 with dim(A'^i?) = 4 (cont.) 
Name Maurer-Cartan equations 



^'6,20 






= 


OJl A UJ2, 


dri2 


= aoji A 7/2 + (3uj2 A 7/2, 












a2 + /32 






= 


W2 A r?3, 


dm 


= oil A 7/4, 


dbJi 


= 


(i0)2 


= 









dm 


= 


LOl A W2, 


dr]2 


= oil A 772 + ao;2 A 772, 
















dm 


= 


L02 A 7^3, 


dm 


= o)i A 7/3 + 0)2 A ?74, 


doji 


= 


d0J2 


= 





ATas 
-'^6,22 




drji 


= 


wi A 7^1 + atc'2 A m 1 


dm 


= 0)2 A 7/2, 


e = 


0, 


1 










dm 


= 


euli A u)2, 


dm 


= 0)1 A 773, 


dull 


= 


^012 


= 





j\ras 
^^6.23 




dm 


= 


tJi A ?7i - a;2 A 772, 


dm 


= o)i A 7/2 + 02 A 771 , 












£ = 0,1 




dm 


= 


euj\ A ix!2, 


dm 


= 0)1 A 7/3 + ao;2 A 773, 


dbJi 


= 


(i0)2 


= 





A^6,24 




dm 


= 


UJl A U)2, 


dm 


= o;2 A772, 
















dm 


= 


OJl A 773, 


dm 


= 0)i A 7/3 + 0)1 A 774, 


duji 


= 


d0J2 


= 





-'^6,25 




dm 


= 


Wi A UJ2, 


dm 


= aoji A 772 + (}oj2 A 771 , 














dm 


= 


-OJl A ?74 + W2 A ?73, 


dm 


= 011 A 773 +0)2 A ?74, 


diVi 


= 


du)2 


= 





V« Oft 




dm 


= 


wi A u;2, 


dm 


= 0)2 A 7/2, 
















dm 


= 


aoJi A 773 - wi A r]4, 


dm 


= o;i A 773 + ao;i A 774, 


duji 


= 


duJ2 


= 





^6 27 




dm 


= 


eoJi A UJ2, 


dm 


= o;i A771, 












e = 0, 1 




dm 




^2 A 773 - OJl ^ 774, 


dm 


= 0)1 A 7/3 + 0)2 A 774, 


duji 


= 


d0J2 


= 





-^6 28 




dm 


- : 


772 A 774 +0)1 A 771, 


dm 


= % A 774 +0)2 A 772, 
















dm 


= 


-wi A?73 + 2^2 A773, 


dm 


= Wi A 774 - 0)2 A ?74, 


duJi 


= 


(io)2 


= 





^^6.29 




dm 


= 


7/2 A 773 + wi A 771 + a;2 A ?7i , 


dm 


= wi A772, 












a2 + /32 


^0 


dm 


= 


^2 A 773, 


dm 


= aoJi A 774 + (}oj2 A 774, 


duJi 


= 


^0)2 


= 





-'^6,30 




dm 


= 


7/2 A 7/3 + 2^1 A 7/1, 


dm 


= 0)1 A 7/2, 
















dm 


= 


A 773 + W2 A 772 , 


dm 


= aoJi A 774 +0)2 A ?74, 


duJi 


= 


dhJ2 


= 





A^6,31 




dm 


= 


7/2 A 7/3 + W2 A 771 + a;2 A 774, 


dm 


= o)i A 772, 
















dm 


= 


0J2 A 773 - 0)1 A 773, 


dm 


= 0)2 A 7/4, 


dui 




d0J2 


= 





-'^6,32 




dm 


= 


772 A r/3 + wi A 7/4 + 0)2 A 771, 


dm 


= oil A 772 + ao;2 A 772, 
















dm 


= 


-OJl A 773 + (1 - a) Cl)2 A 773, 


dm 


= 0)2 A 774, 


duJi 


= 


dhJ2 


= 





-^6,33 




dm 


= 


7/2 A 7/3 + wi A 7/1 + 0)2 A 7/1, 


dm 


= 0)1 A 772, 
















dm 


= 


02 A 773, 


dm 


= 0)2 A 773 + 0)2 A 774, 


duJi 


= 


dhJ2 


= 





-'^6,34 




dm 


= 


772 A 773 + wi A 771 + (1 + a) 0)2 A 771, 


dm 


= 0)1 A 772 + q;o)2 a 772, 












-'^6,35 




dm 




o)2 A 773, 


dm 


= 0)1 A 773 +0)2 A 774, 


duji 




du!2 









dm 




772 A773 + 2o;2 A?7i, 


dm 


= 0)2 A 772 - o;i A ?73, 












a2 + /32 


^0 


dm 




0^1 A 772 + o)2 A 7/3, 


dm 


= ao)i A 7/4 + /3o)2 A 774, 


duJi 




dhJ2 







-^6,36 




dm 




7/2 A 7/3 + 2o)2 A 771 + 0)2 A 7/4, 


dm 


= 0)2 A 772 - o)i A 773, 
















dm 




0)1 A ?72 +o;2 A773, 


dm 


= 2o)2 A 774, 


duJi 




d0J2 







-'^6,37 




dm 




772 A 773 + o;i A 7/4 + 2o)2 A 771 , 


dm 


= — o;i A 773 + 0)2 A 772 — ao;2 A 773, 
















dm 




o)i A 772 + ao)2 A 772 + 0^2 A 773, 


dm 


= 2o)2 A 7/4, 


dbJi 




d0J2 







-^6,38 




dm 




?72 A 773 + 0)1 A 771 + 0)2 A ?7i , 


dm 


= 0)1 A 772, 
















dm 




0)2 A 773, 


dm 


= 0)1 A o;2. 


duJi 




du)2 







-^6,39 




dm 




7/2 A 7/3 + 2o)2 A 771 , 


dm 


= 0)2 A 772 - 0)i A 773, 
















dm 




0)1 A ?72 +o;2 A 773, 


dm 


= 0)1 A 0)2, 


doji 




d0J2 







A^6,40 




dm 




772 A 7/3 +0)1 A 0)2, 


dm 


= -o;i A 773, 
















dm 




o)i A 772, 


dm 


= 0)2 A 774, 


dbJi 




d0J2 
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